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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

S TECHNICAL MEMORANDUM NO. 920 -

4% ETFECY OF THE SLIPSTREAM ON AN AIRPLANE WING*

By A. Franke and F. Weinig -

 SUMMARY '

The present report is in some respects a continuation
of an article on the subject entitled "Influence of the
Propeller on other Parts of the Airplane Structures," by
C. Xoning, published in Aerodynamic Theory (1935), vol. 4,
p. %6l. This article has been simplifed through the pres-
ent one in the case of a wing spanning the slipstream and
extended to include slipstream rotation and propeller in
yaw.

The conditions which must be met at the slipstream
boundary are developed; after which it is shown with the
aid of the reflcction method how these limiting conditions
may be complied with for the case of an airfoil in a pro-
peller slipstrcam in horizontal flow as well as for the
propeller in yaw and with allowance for thc slipstream ro-
tation. In connection hercwith, it is shown how the ef-
fective angle of attack and the circulation distribution
with due regard to slipstream effect can be predicted and
what inferencecs may be drawn therefrom for the distribu-
tion of 1ift, drag, and pitching moment across the span.

I. INTRODUCTION

A‘considérable portion of the wing and usually also
of the ta®l of an airplance are directly affected by the
propeller slipstream. The larger the proportion of these
surfaccs aind the higher the propeller loading, itg coeffi-
cient of advance and angle-of-attack range, the greater
the slipstream effect on the airplanc. However, this ef-
fect is not confined to parts within the slipstream but
to parts outside of it as well, according to recent find-

*"Tragflﬁgél vnd Schraubenstrahl." Luftfahrtforschung,
vol, 15, no. 6, June 6, 1938, pp. 303~-14.
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ingse. In thec following, the effect of propeller slip-
stream with consideration to axial supplementary velocity,
slipstrecam rotation, and yaw on an alrplane is described.

II. THE LIMITIWNG CONDITIONS OF THE PROPELLER SLIPSTREAM
DISTURBED BY AN AIRPLANE WING AWD THEIR COMPLIANCE

1. Geoneral Torm of Limiting Conditions for the Slipstream*

Visuwalize, for the prcsent, the propeller slipstrean
replaced by a jet with constant jet veloeity at infinity
behind the propeller, without rotation or with constant
twist, i.e., the flow tc be a potential flow within and
without the Jet. The Jjet boundary is formed by a vorticity
layer. Apart from this singular behavior of the flow at
the Jjet boundary, there are other singularities in the
flows they are, particularly, the vortices formed by the
vortex band behind the airplane wing. Now we shall at-
tempt to define the flow within and without the Jjet. Aside
from .the singularities within these regions, the flow is
determined by the behavior at the jet boundarye.

At the Jjet boundary, the pressure of the outside flow
(region I) must for reasons of equilibrium equal the pres-
surce of the inside flow (region II1). Hence the first lin-
iting condition: Wy -

. P

¢

g '
r/= p_ | (1)

Othicrwise, no stationary flow would be possible. The Jjet
congists, in addition, always of the sane particles of
air; hence the Jjet boundary nust consist of strecamlinese.
The Jjot interfercnces are assumned to be snall. Hence the
jet may, although it is a little deformed, in first ap-
proxination be looked upon as round. The normal compo=-
nents of the velocitices disappear at the Jjet boundary)
then the following equations arc applicable (fig. 1):

0

i

VnI = VrI cos Y + VZI sin ¥

v =V cos Y + VZ gin v

0
111 Trz II

i

*Scctions 1 to 3, which are largely contained in Koning's
report, are repeated here for the sake of clarity.
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Here ¥ is theé angle of the normal =n to the Jjet M&f;& ﬁﬁ*

surface and a plane perpendicular.to the propeller slip-
strecan axis This ylcl¢s the second.limiting condi~
tion ot: o o Vﬂ, {J

21

,.5..' E m | f
ﬁy ‘, VTI éoﬁﬂl o ﬂﬁVfJgg%ﬁf

2. Rostatement of Linmiting Conditions PAZ
sl
= . I

Let ?I and 711 pregent the mean paralleff;elbcity

the deviations therefron,

and outside of the Jjet,
induced by the wing,

ingide
that ig, the interference velocities,
for iastance, to have the conponents Vv Voo vz. Accord- ﬁi
o XY
s A
ing to the pressure equftlon it.isz: . X
IS - ‘—,//,‘,/f'»-'— : {
irte! s//aﬁ/m:%z; x//ps‘#rfw il A\ \}3
S b
— T) = 2 = . Q
+ £ v 0y & +7v,2 VLR C \
Pr,11 lj;/ I,le 77,11) yi,in) XT,11 I,II ) ¥ ‘
P 3 T v AR
''''' ) ' ‘,«‘ . z\.
. . ! < '{Jf i 'f?//// ¢ \‘; W v
With Py denoting the pressure at thde point of van- NN
ishing Interference velocity, it is: R ;
Y D
-} N W b{\,\ s
y gt N ’ "/ s Ay v
(47 oy
RAART NS C = 7 + B V2 P s SRR N
o4, [ %3 s % ( ’ .o RN
AR I,1I °1,11 1,117 R AN
-}C‘ P Y S\ Ras
A A ; ' SNERAAY
jfp&“ If the interference velocities can be assumed to be \§ \ R
Wﬁ so small that their sguares can be neglected, the pressure b §
equation becomes

' T A&E xM°T;
Pr,r1 * @ V1,11 Ver,11 T Por, 1z
B
. .
disappears at infinity and P = Pprg

slilce VZI,II »
= Py Owing to the

at the boundary, we have pOI = Pg .
I

pressure equality at the boundary, it follows, that -
/MMW

ﬁ Kg
K Ny AYE
i Aga¥tet
YL c ' —_— — .
L VAR ‘ . - s
ol . V_ v =V v L e #3 ,//9
Aol 7/ Lo I Z I C— . I I K4 I I / l{

parallel velocities in di-
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rection of the propeller force, which in first approxima-
tion may be assumed to be coincident with the direction.
of the propeller axigs. - Let ‘@7 and Q77 ‘indicate the

rotential of the interference flow. On account of

o « o ©
VZI = CPI . v = ——-——.—-.'II
3z / 211 & oz

the first liniting condition then takes the fornm

v o @ 5 P11
I Az II 3z
Since ?I and §II are constant, the multiplication

hy dz followed by iantegration affords

e = Vo.¢ R, ‘4 e g -
VIQI - VII@II v (3)
for
z 5 o
® = 1,11 az + (-o)
I,I1 ‘ 3
Lo

The coustant @(-m) has the same value in every point of
the Jjet boundary at infinity.” For the second liniting
condition, we have:

1 = Y = = . T /- _ I -
Vr/boundary = Yr/R ¥ Vr/R = Vr/R} Vz/boundary = Vz/mr* Vz/R
- : A
and
/ S ,‘,.ﬂ
: Y i
V v A7a /7 v v / Y s .«’7"!‘ A,
L= -z (1 - Tgi.._\ ~ L Izﬂ@wr/;ﬁ_i B
Vg V., + v v, N v / e L -
Ze zZ vz, Z Y p
\\\ , N ﬂ,é::u o
On account of — y%yaaégwﬁ%
‘ A
kit e WY
J o befT e
- e L TI,IT ‘
r
I,II O r

the sccond limiting condition reads herecwith.




. W,rvf,gz‘,‘.«‘g 5~

4&«4’
N.A.C.A. Technical Memorandum No. 920 )% 0'5
. - é;t
/l?"é
= 9% = 391 e (2
Putting ' - ﬁf
_ _ _ Var | §
Vig = Vi + 8! V3, Vypp 5:*7/,;},(
. ‘ fayan
that is, \
S =1 +. Si,’ ,"t’;i‘ (/[ adl) ’ %
the two limiting conditions assume the fiigf
' 7ot .
/ gv.'é%’
OP1 _ 2 Par e (5Db)
dr 3 r 7

3. The Conditions Far Downstrecam from Wing and Propeller
1=

In order to be able to s
strean on the airplane wing,
sake of sinmplified conditions
far downstrean from the wing
ation 1o tho limiting éonditi
the disturbances at that dist

tudy the effect of the slip-
it is rccommended, for the

, to first define the flow
and propeller with consider-~
ons. It nny be presuned that
ance are of vanishing effecct

on the shape of the slipstream and of the vortex sheet
induced Dby the wing, hence, specifically assumed that the

interference component in the

o R ‘

direction 2z disappears.

o _gpea

Thenthe potential a%*‘{; ———
A o _%er gr Ferar
I,II axz ayz

‘The disturbances at thec

Jet boundary perpendicular

to axis 2z are assumed to be small enough so that the

slinstrean nay be figured as
being circular cylindrical.

not being deforned, i.e., as
The radius of the circle is

to be R = 1. In view of the potential reflection on a
circle, the solution of the problem =~ to define P17

as a real part of a function

XI,II(E) - is then conmpara-

tively simple. The following chapters therefore contain
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first the reflection of a vortex, a doublet, and a parallel
flow on a circle in such a manner that it becomes the po-
tential line.

4, Reflection of Vortex on the Circle*

We analyze the flow X a of a vortex of circulation

ar, ata point 2, = Xy F iya =T, et® outside of the

unit circle and the flow xi' of a vortex with the same

circulation dFi in the reflection point zy = x5 +1yy =
1 Xq + 13 . \ .
= =Xa T *a 4pn the unit circle (fig. 2). Then
J—— - .
Za I“a‘ ,
5 [ ;T 3
W F) a
coar 1‘\,(‘ - - 3 a in ( - )
L . JJ\\,! 1 e Z zZ
iyydvpgﬂ Xa 2 m - —a
N s /'-'v’[‘" . .
AR P ()
AT ! a4 Iy
NV U TS
SN U 2 m - -
{d‘ & *? R 7
. NRL
?"} ° PFurthermore, the flow Ko induced by circulation
d I'os through a vortex located in 3z = 0O 1is
a I
_ . 0
Xo = -1t 45— 1Inz

o T

Ve find, if 2z ©passes through the points of the unit

circle:
—~ .1 ag. __]_;___i 12%5)
Za T Tot ’ Zy = 7 °
0
Z ~- Z, = COs a -~ Ty cos ap + i(sin a - ry sin ag);s
- 1 . . 1 .
g - Zs = CO¥ Q —~ — COS Qg + i{sin wug - = sin a, )
2 23 0 55 0
T : T,

*In contrast to Koning's mcthod of presentation, we cm-
ployecd the functions of complex variables, because they

1

make the result easier to obtain.
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gin oo - rg sin og

i arc tan-

reiin e g e s el e . GOS8 Q.= Ty GOS8 g
z Ea‘rxe : ,0‘ °
. .
sin o - — sin oq
To .

S|
1
|
te
|
H._
@

co0s o« - — COS Qg

, - .
r! = J& + T - 2 1r, cos (a - agy)

rt o= /1 + 5 - 2 — cos (a0 = ag)
o o
With
sin a = Ta
. n (z - z,) = 1a r' + i orc tan

sin o = ¥3i

1n " + 1 arc tan

in Z ~ Zs
(2 “1) cos o = X

the potential and stream function of the individual vor-
tices on the unit circle are:

a T, sin a - ¥y, h
P, = ——= arc tan
2 m cos o = Xg
L=
' sin o v A
12} L . e
: a I'y Zal 2
. q)j.l:..___—ov'rc tan_ >, P T ) -(8&)
N 2 . Y, '
%x cos o -’
‘ 2
'.f ‘E')«[
y " ! )
: o = 2lo
: o
) 2 T
B - -

—
prie e 7
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-
('1 l_| 2
Y, = = —-a i lnf1+-xa +y,°% -2 X,C08 =2 ¥, sin ol
2 m : : - '
& Iy r 1,1 2 2
ol = e 1 =tz - -2 i1 .
Yyt o= in T 211(1+Y + o 2 xgpcos a-2y, sina)|y(8b]
\;,l = O
-
. . o
If r 1is the amount of any point z, hen 22 .
. 3 r
5 ¥ : L
. On the unit circle, r = R =1, hence the normal
r o o
conponents of the velocity at that point read:
- Z, s8in a - ¥y, cOs «
S 9y d T, a a R
) =} .
on 2T 1 4 Xp® + ¥a© = 2 X, cOs a - Vq sin «
S, T. x sgin a - ¥y, cos «
! o3 2 2 F..(s;)
Sn 27 1 4 xaz + yaz - 2 X, cOos a - Yo sin o
3
o - g
3 =
-/
J ® d o
with written for —— The normal components of
on agr

identically great equivalcent

are identically
reflection circle.

t further

e

aff

vortices in rceflected points
identical direction on the

great and in
For
5 = eia ei(or,o +
ords with a4 I'y = &
&

8)

i
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‘ . - a ‘ : to

2 1 — =& pusci §

. _ . 1N (204 ) /
-1 Z [61(2% 2)_ )el(zao B), 4 20
2T : ry : _
[ i 1 i y
R A S e Ry
2T L To /.
a r
= - i 5 i lnL(cos 2 ay + i sin'z tg)

Eosze+isinzs-<ro+ri>(coss+isin s)+1j
- .

: 2
which, however, because cos 2 B + 1 = 2 cos B and

sin 28 = 2 sin B cos B, changes to

ar
A, + Xt = - 1 X —
a i
2 1
- . 1
2 sin B cos B - <ro-+?—->sinﬁ
0
2 1 arc ton 1
i 209, + 1n r»Me o 2 /
o) 2 eos B - (ro + — )cos B
\° To
This gives for the potential

31nB{-2c?§jﬁ,—<r04-?; )}

cos 8 ;[2 cos-B —<ro +;]I.o- >]

ar
ey X ) - [») ~ .
P, Tyt o= 5—; 2 g + arc tan

EJEiZ oy + arc tan tan BJ
21Tl,

[

il

ar a
=.— (2 + = —(2 U~ + O -
2w;(_ ° B) _ BW( © : O)

ar

cpa+cpil= (a+@0)~.........(10)

2 T
- d /s
F Por T2

e .
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’ 1 =
Hence oy + ©3' = Qo

a vortex on a circle through an id
potential

alent vortex, the
in whose center
-4d Iy = =d Iy
reflceccting
of o vortex on
and in the center
other words, if Xj is
then X3 must be

Yerce
[f’/%[) ,NG

gag%égq gﬁﬁéfoal

4$?#‘¢

A Dengs a
wosﬁ

5. Reflection of Vo

Tae vortex band in
visualizcd as being due

of tixis superposed

shiall analysze
which the
¢ and
ol and the potential

Since the vortvices
great and contrary, the

an identically grecat
is placed,
circle beccomes o potential linc.
the outside a vortex in the rcflection point
and vice versa must be considered.

el
&

existing in the
the reflection of
nornal con
outside doublet on the

one When reflecting

entically great and equiv-

0y + ©3! + Py on the circle,
contrary vortex 4 I'sg =
becomes constant, that 1s, the

As reflection

In

to be the reflection of flow Ag,

1

'X'i""F Xo

A\
-
&

rtex Doublet on a Circle*®
wake of a

doublet.

can also be
density

wing

to a The

doublet is equal to the circula-

acconpanying part of the wing.

a doublet on the circle
of the veclocity of the in-
reflecting circle becone
ig ‘constant, as in the case of the

ponents

formning the doublet arc identically
recfleoction of a doublet located

tnined in Koning's recport.

ous and indicates the w
treated by Koaning,

. at finity requires no additional doublet. The outer doub-

! let is to have the nomexnt d A, and an axial direction
differing from axis y by an angle WwWg,, and located at
*The reflection of the doublets practiced herc, is not con-

But it proves itself advantage-

ay to the propveller setting not
as shown in fig. 6.
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Z, = To el @0  (fig. 3). The inner doublet is to have"
the moment d Ay and an axial direction differing by

angle wji from the axis ¥, and located in the reflec-

' i ag .
0 ? i c . The unit
< r
\ e}

circle agoin serves as roflection circle. The flow poten-
tinls of both vortices on the unit circle are:

W ' .
X.,=—i.c17\,_‘_ela-...__:!‘__.'__ : ~
- ] ; Z = Z4
i 1
= - ian, Ve —
Ol((I.O"" B) -7 el 1290)
w,, - 1
= - i d A, Lwy=0) -
olP -r,
_ L L. (1)
Xy = = 1 d Mg o1Vl
2 ™ Z3
. 1
= - 1 ad Ay e*Wi —
i Jilag + B) _ L 1 ag
r, :
. Y - 1
S Lwg-ao) S
| oi B _ L
g o
)
The potentials therefore are:
- sin B

o, = + & A cos (W, - a,)
a a & °" r,2 + 1 - 2 v, cos B

cos B - rg
2

o, + 1 -2 r, cos B

+ sin (W, - og)
L e T

[

. . . . - gin B
®; = + a Aj| cos (wy - o ) T : T
- + 1 - 2 .. cos B
r02 I'O —
cos B - %;
0
+ sin (w3 - ag)
; + 1 - 2 cos B
I'Og fo)
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To insure @, + ;3 = const. on the unit circle, it

is necessary to write
1 : :

a N = = d Ay I‘02; (wy = ay) = - (w, - ay) (12)

Wy - ag = ¥43 and Wy - oo = ¥, arc the angles between the

axcs of the double vortices and the perpendiculars to the
radii toward the doublets (fig. 4). The result is

~
= - sin B
¢, = + a Ay LCOS dy, S
ro~ + 1 - 2 r, cos B
+ sin cos B - rg 7]
sin
& ro® + 1 -2 r, cos B J
4 r - sin B >ooo- (13)
Ny = = . cos :
?1 a L & To® + 1 - 2 r, cos B
ccs B - %;
- sin 9 0 ]
r,®2 4+ 1 -2 ro cos B

-

and conscquently:

sin @
W 4+ P, = = 4 A 2 = const. (14)
a i a T
o}

Thus P, = - 93 on tine unit circle up to the con-
stant at the right. he strean function on the unit cir-
cle is 3

r sin B
Y, = = d Ay Lsin D
a a P
re® + 1L - 2 ry cos B
cos B - rg
+ cos 6a P J
1 -
r,© + 1 2 rq cos B
. . .(15)
r sin B F
Yy = + 4 A, | = sin éq
Cos < 2
L ro“ + 1 - 2 ry cos B
1
cos B - T
o
+ cos 9, =
ro~ + 1 -2 r, cos B
/
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and, after subtraction: o
4" - N "-‘é-o—s '13 T cee e DL o - e
“ﬁ - ¥ =+ d AN, ——= = const. (18)

To

and as far as the constant Wa = Wi on the right. Be—
o o } . .
cause = - y we have on the unit circle, with n
dr rd a - '
indicating the direction of the normal;:
o oV
& = 1 . . . . ’ . . . . . .(l’?a)
rod o rd o

O P4 = o P B e )
dn S n

Equation (17a) follows from equation (16), (17b) from
(17a). In contrast, eguation (14) gives the resultant of
the interfercence velocity, because

3
55 (o + 1) = vy

If the doublet distribution extends over an element d Z,
starting from 2z, and the axis perpendicular to it, the

reflected doublet is distributed over an clement & zj.

Suppose dsa and dsi,. that is, an = ds, and
‘dii = dsy arec the longths of these elementse. Then the
noments of the vortex distributions are d A, = Tgds,

and & Ajg =T idsy, and

1

Pids; = - o3 Todsg v v v v e 0 o v e s . (18)
1 Za
according to equation (12). 3But with 3zi = —=— = T it
z o
is a
ax 2 x d ¥y 2y
. a 5 . 2 a
a 23 := 2 . a a ro + i < 5 - 3 d I'0>
. roa r03 rg Ty

and
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1/ 2 2 4 2 2 2
1 msl® = ¢
d z3 . (ax,  + dyg, ) + — (Xa + ¥, ) d Ty
o} o}
—4(\: ax, + ¥y, dy.) 4
s ‘Fa 9Xg T Ja UJg To
r
0
1 4 1
_ 1 2 2 _ 2 _ 2
= 73 d 8,547 + o4 d r, 4 adr, = 4 da s,
0 o} o} 0
Hance
1
¢ sy = . = d Sq
o}
and equation (18) becomes
l—‘izul—’a-.-......-‘(lg)
Flow on a Circle

6s Reflection of Parallel

\‘ If the direction of the slipstream does not coincide

g‘ with the dircction of flight, the velocity of the outside

{ fTlow has a conponent transverse to the slipstrean. If this

is small, the assunptions for the derivation of the limit-
Suppose the parallel flow

ki %} ing conditions arc applicable.
gy on the outside is:
: ~ .
\\\ *‘. Xa=1vy-_g..-.......(20)
\\\“ : . 3 @ : . .
\ Then, putting = = Vg the y axlis 1s opposite to the
o s
transverse flow component, and
D = - M by o=
P, = vy i v, vy b4
a double

The reflection is, as is known,
direction parallel to the transg-—
to be a potential

with azxes
cirecle is

vortcx source
verse flow direction if the
line. The complex potential for it reads
1
Xy = 1 vy = & . (21)
i Tz
. i
and y = r sin o and z = r e o
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Yo =T Vyp Tosina W, = vy rocos o)
: 22
Cpi = v.. sin o \y_ = cos o ( )
¥ T | i y( r
Hence the conbined flow on the unit circle (r = 1) be-
cories?
® + @, = 0 :
a 1 v .o -.(23)
Yy -V¥; =0 '
Fron eduations (22) and (23) follows:
3 S @,
2 = L vy SIn o+ - e e e e . (24)
o n o n A :

a result which can egually be obtrained direct.

7. The Supplementary Flow Created by the Coordination
Of Vortices or Doublets with the Slipstrcant*
Suppose that @, is the potential of the initial
“a

interfercnce flow, caussd by the single or double vortices
located outside of the slipstream, and ©@a, that caused
.L.’l

by those located on the inside. As the'limiting conditions
cannot be satisfied with thesc potentials, the existing
singulorities are for the present reflected on the assuned-
ly circular jet boundary. The potentials created by the
reflections are mAi and @Ba. Then, if the circle

is posed as potential line, it is on the circle up to con-
stants

¥Phe trecatment of the conbined flow quotas here is some-
what more general than Koaniang'!s which secemed advisable on
account of the dissimilarity of the vortex doublets .and
the parallel flow iatroduced as elements of disturbance
aside from the single wvortices. ~
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S Py, 9Py

v Pag T T Pa, v d n 0 n
W ! - (25)
rﬁﬁ . ) s @Bi a($31 F -
’ ’ Cp . =T Qp ALt = =
B 1 Ba d n d n ,J

The ultinate solution satisfying the liniting condi-
tion is written in the form N

D1 Pt + Poy (outside)

il

- (26)

P11 = Parr + Pyry (inside) r

J

whereby the summands on the right-hand side reguire further
treatnent. The physically proven fact of the liniting
conditioas iandicates that only the singularities contained
in @Aq arc present. In consequence, ®; is built up

only from the potentials of the outside singularities,
their reflections, the inside singularities and certain
terns nccessary to satisfy the limiting conditions. The
reflections of the inside singularities are disregarded.
The supplementary terms can only be proportions of the al-
ready cxisting potential, and specifically, they can only
be formed with the singularities located on the inside,
because the potential is definitely prescribed to one part
throuzgh the externally existing singularities. For the
insidc flow the corresponding coansiderations are applica-
ble. With =n as proportional factor, we writes -

Par = Pa, T oBa Ay PB1 ®p; *+ n2p,%my
- (27)

PATI = @a, * np Py s ¥311 = P5, + np P
: a, &, o 1 a a

Since Da and @xg are unrelated, the liniting
a i

conditions must be satisfied for every part @A and @B.

Equations (5a) and (5b) therefore split into four equa-
ticns:

]

Pa1 S Ppr1s Pp1 = §Pgr1s

g O ®a1r _O%arr . g 2 %1 _9rn
o n Jd n o n o n
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With equations (25).and (27), it then affords

B T —

1 -n, =8(l+n, ) 1+ne =813, 7
REEIEE 5y = B TE)
N;S(l-f nAi) =g(}i+'nAa); sfl + nBEJ?;‘(l +jn3é)
 The éoiuﬁion'EiVGS'A

§ I o o .
oLLtsmbt s

fe T T .1 a5 41

L _SE-1 . (s-1)°

T ag, = — S

S® #+ 1. ¥ + 1

Assuning now that s!' is so snall that squared terus
and terns of higher order can be neglected, it is

(S:= 1Y% = g2 _ 0

S2 4+ 1 =2+ 28"+ 812~ 2(1 + st)

S - 1)® o
32 + 1
i S¥ -~ 1 =2 s! + st2 ~ 2 gt 4
s® -1
—_—— =gt - gl2 % ,,, ~ g!

S® + 1

The factors of the supplementary poteéential finally arec:

’ X T
nAa = 0; nBa = s'.. -
. , e e e e . (28)
nAi = -8t nBi =0 : .
-

and the solution satisfying the liniting conditions reads:

! .- . : o : ' . R L ¢-1-3
C P11 T Pap T @By tosT ¥y
-
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8. Rcliability and Practicability of
Introducing (Vortex) Doublets*

Althousgh this reflection of doublets may sccn at

first ' to be sonething superflucus, it is found that it

in

fact clarifies the determination of the supplenentary

flow due to the interaction of wing and propeller slip-

strean. he outline of o wing with dihedral on the cir-
cular boundary of a propeller slipstreanm is illustrated

in figure 5. Let the 1ift distribution be elliptic.

The the flow outside the slipstream is prescnted:

1) 3y the flow A,, i.c., the distribution of doub-
lets oOutside the propeller glipstrean corre-
gponding to the circulation distribution PO

(fig. 5, Ag):

2) By the flow DBj, i.e., the distribution of the
doublets inside the propeller slipstream cor-
responding to Iy (fig. 5, Bi);

3) By the flow A;, i.e., the . s' +times reflection
of the external distridbution of doublets on
the circular boundary of the propeller slip-
strean (fig. 5, Aj).

The flow on the inside of the propeller slipstrean

is presented:

1) 3y the flow A, i.c., the distridbution of doublets

outside the slipstream corresponding to T

Pa I - O
(fig. B, Ag):

2) 3y the flow 3y, i.e., the distribution of the
doublets inside the slipstrean corresponding
to T'yg (fig. 5, B4)3

3) By the flow I.,, l.c., the s' times reflection
of the inner distribution of doublets inside the
slipstrean (fig. 5, B,).

o
§

g e)e]

ing, omitting tho concept of doublets found it Aiffi-

g |

cult to satisfy the boundary coanditions for the airfoil
spoaning the Jjet, and woas conpellced to treat it differently.
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Since the circulation distribution.affords the vortex
“distribution--of- - the vortex -sheet in the wake of the wing _
by differentiation, the vortex distridbutions.corresponding
to’thefcnumerated'proportions of the flow nay also . be pre-
. " sented. he presented d@istributions-of doublets of these
i proportions all terminate, however, at - the slipstrean
8 boundary with a- finite value T, and *s Ty, . Trespective=
ly. To theése finite values of the distridbution of doublets
correspond one isolated vortex *I'; and =*s T,, each, re-
spectively, of the vortex dlstrlbutlors.;'The vortex distri-
butions correspond to the enunmera ted flow proportlons are
illustrated in figure 6. : :

For qualitative studies of the combined action of a

"wing and a propeller slipstreanny, it obviously suffices to

disregard the span effects, the chord distribution, and

the twist, leaving a non-twisted wing of constant chord and

infinite span in the propeller slipstrean. In the absgence

of slipstrean the spanwise circulation distribution of this

wing would be constant. The corresponding distribution

of doublets with slipstrcam are shown in figure 7. The

resultant vortex distribution is contained in figure 8.

It consists of onec single vortex each at the point of pene-

tration of wing into the slipstrean.

This result could not have been obtained directly
when procceding from the vortex distribution corresponding
to the circulation distridbution without slipstrean. .Only
by vigualizing the 1ift distribution at the point of pene~

" tration of the wings with the slipstrean interrupted for

a very snall piece can the above result be obtained in

correspondence with the single vortices, which then would

have to be wisualized as shedding inside and outside fron

§. "the point of interruption. Since they have opposite sense

= of rotation insicde and outside, possess finite strength,

_ and are closcly adjaccant, they would cancel in the abscnce
of slipstreconm, hcence it is adnissible to visuwalize the
wing as being interruptced at the place of penetration.
But, thot this nmust be done in order to be able to satisfy
the liniting conditions with the help of the reflection -
method, is only ascertainable in the roundabout way of the

= distribution of doublets. -

e awe vy, s o o
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9+ Ydwed Slipstrean*

‘A slipstrean in yaw undergoes a change in direction.
The original direction, substantially coincident with the
propeller axis, is termed the virtual slipstrcam direction.
The potential of the interference share, of the flow ar-
riving obligquely at the virtual slipstrear direction is
®, s the velocity component parallel to the virtual slip-

ifa)

strean direction is VI. This notation VI igs legitinmate
and indicotes the velocity introduced elsewhere; for, as
seen shortly, the virtual Jjet direction coincides with the
direction of the propeller force.

Locating the coordinate system in the plane perpeandic-
ular to the virtual slipstream direction as before, the
potential of the external initial interference flow is

Py, = = v, vy = - v r sin «
Ao Yvirt . Yvirs
The pertinent potential of the reflection is

v .

Ve, S1 @
Cp‘\'. - ;SVlrt' .

< r

Yo other singularities being present, cquations (29)

read:
. N
= - g = -y r sin o - s!' v st 2
P1 = Pa, 7.5 Pay Vvirt ) Yvirt
: l g
= e G e— Vv
( r? /° yvir‘b ? \30)
© = @, = -7 V.
Il A@, d 'yViI‘t
_/

*The analysis of Xoning's liniting conditions sunmarily
discloses that the supplemcntary flow due t: a yawed slip-
strean inbedded in the outside flow nust be as if the slip-
strean were frozen in a golid cylinder. Decause this flow
satisfies .sunmarily the continuity equation (2) and the
conditions equations {1) and (3), regpectively. 3But, sus-
pecting difficulties with the effect of the yawed flow,

the derivation was here carried out cexactly, in confornity
with the general results.
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, Tow, some predictions can be made regarding the proc-
“esses within and without the slipstream.. -The axial veloc-
ity within the virtual propeller slipstream is Vyp. It
is superposed by the interference velocity vyvirt per-

‘ : ‘ B {
pendicular to it, as a résult of the potential Py (fig.

e e V&;;,;ﬁ smgr =

9). Both velocities, vectorially added, give the result-

~ant velocity lregl‘?nd with it the actual direction of

the propeller slipstream.

If ¥,us is the change in flying speed Y, with
respect to0 ¥,.,q, that is, i ' 7 .
; 7 L i v'
Yres = Yo ~ Xgzus :

it is seen that the-difection of the propeller force must

fall in the direction of ¥Y,,q4» because, according to the

momentum theory, the acting forcec is proportional to the
change in specd. Since Y,ug is parallel to the virtual

jet direction, the direction of the propcller force coin-
cides with the virtual propeller slipstream direction, If
the direction of the propeller force, that is, in first
approximation, the propeller axis, forms the angle v
with the flight dircction, then

VYeirt Vo sin v
% If v is small, then Vp,gq ™~ Vo, + V,yug+ The actual
ft jet slopes at. aiStr v - P! toward the flight directione.
: Since ,
. K Vyos
_ TVyiry ol = Ivirt

: Yo K Vo t Vzus
g we have v v v
‘E IYvirt Ivirt Tvirt Vzus
| g = - = :
2 Str - Vg Vo + Vgus Vo (vo + Vzus)
L
% Then, however,
6 — P — — —_ —_—
| = ~ = 1 - - ]
) Yyug = Y7 = ¥p = ¥+ s'¥ -V, = s'¥
i and

ius S et

V1

TR
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With ‘VI =7V, coS".‘*end"s ='st ¢cos- p- the actual

.derCtIOQ of the propcllor sllpstrcam ’theﬂ slopcs at an-~
gle
s Vg

s = P ——~ 5D 31
t8tr Vo + S Vg ' (31)

toward the-dircction of flight. This result holds far be-
hind wing and propeller for a particle lying on the inside
of the Jjet. Outside of thc Jjet, the velocity

ot ' .
(l + 13 >vyvirt is superposcd beccause 7 1s perpendic-
r
ular to VI' Then, according to figure 10:
at
) L + — >V :
. < r® Tvirt

tan (-ai, + v) = —
L ) . .‘f I

If the angles are small, wo have

. SN Vs
-y + VL = <1 + __>._j22£
& 2
T

(39

Vo
and
v
o = Yvirt + {1 \ Viyirt 5 .
Ly, = - = —

For thc slope of the particles in the outside zone
toward the flight direction, it givos .

8
O s = e

1
[ rg

v (32)

the propcller radius scrviang as length unit.
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10. Effect of Jet Rotation¥

It is assumed that the axial supplemcentary velocities
in the Jjet are accompanied by a coanstant twist .
D S Y T ST
/fz,,,/, 5 32 S

by
s

T Vy < const 7

Let vy = 0O on the outside. Then the pressure condition

is sumnarily complied with, beccause the pressurec in the

jet regulates itself accordingly. Since the radial com=—
poncnts disappear on the inside as on thce bouandary and the ;
outside flow itself is without radiosl components, the scc- ‘
on limiting condition is also satisfied. The Jjet rota-

tion has therecfore no cffect on the behavior at the Jjet
boundaory., This complicnce with the limiting conditions

can be proved egually well with cgquation (29). For the

casc in point, it is:

P1

i
3
fas]

o I -9
Pr; = 9y * s ¥B

According to the assumptions ¢y must be zero or
coastont. Since r vy is to be comstant, it must be

5911
o G

= const on the inside. As the jet boundary recpre-

sents a surface of discontinuity, Py, coatains a compo~-
i

nent due to the potential of o vortex distribution. The

vortices are uniformly distributed over the jet boundary

with coanstant vortex density

't = E_E. IT TMdo is thoe circulation of o single voritex
d o

distributed over the circumferentinl celement do, +the com-

plex potential of the total vortex distrbution rcads:

*Concerning the jot rotation, it is also obvious that it
docs not disturd the limiting conditions, hence has no 7
. . . i

supplementary flows. The slipstream rotation is treateiﬁ/ih
as rotation with coanstant twist, which corrcsponds more P
closcly to the behavior of the propellers than Koning's )“,
rotation with constant angular velocity. 3But in view of : .
originally suspected difficultices with jet rotation also, DR
the discussed results were again used for an exact anale. 17 -&
vsis of the effect of slipstream rotation, s

.
i

1
v
R
»
.
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H
X(z) = -1+ §in (z - 2)d o
2 T )

whoere 2z is the starting point and Z the current point
along the circle. With 2 = R el® and 4o = Rda, we

have do =-iR %f; and consequently

1!
x(z) = -3i- 24 1n(z - 2)
21
Both cases Ig Z IZW are analyzed. If ’_g >I Z’,
it is
v T . g az
X(zy) = - #E—-R% $ 1n < _:\Q;_ in g-——]
27 L z/ 7, Zz |

The first integral disappears, as can be proved by
series expansion, lecaving

1"!
X(2,) = = — R-2 m-i-1n z
21
But, since I' = 2 R w I'" rcpresents the total cir-

culation, it 1is:

1n z
i

X (Ea,)

On the outside, the vortex distribution thercefore
acts like a vortex placed in the origin and whose circu-
lation is equal to the total circulation of the vortex
distribution. As @Bi is to disappear outside the cir-

cle, this may be achicved with an oppositely rotating
vortex of the same circulation strength placed in the ori-
gin. Of course, it then remains to be proved whether this
assumption correspounds to the counditions stipulated on the
insides If |g,l> lZ!, then

r - ar ' az az
X(zi) = - E—R; ﬁ]xx(l ~Z )=+ $1ln Z—= + 7 1ﬁ-——‘
2w L \ 2/ 3 pA 7z

The first integral disappears, leaving
& ) S
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r o 3
X(Ei) = - é%RLQﬂ i In"R.- 2n? + ﬂj.2ﬁi;‘= - i é% in R

On the inside the potential of the vortex distribu-
tion is constant, thus contributing nothing. to the veloc-
ity. For the vortex placed in the origin, it is:

., T 1
= 41— 1ln =z
Xo 5 2
hence
Ao _ T = . P S AR SR . ¥ >
=¥ =1u-1iv-=1 —. = i —_— - ]
dz : 2T 2 2 m\r2 e
with r2 = x2 + y2, As a result we have
h's
v . IR X
21T 2w r?
and
o
W = e—— =
2T T

Wow it shall be proved that w is the amount of the

circumferential velocity v FProm %o follows
r d

0 = = —— a; hence vy = o % = ? - - —E—-i. This
2. 3 s T d o 2wz

would satisfy the condition r v, = const; - it is satis-
fied through the potential of the vortex distridbution and
the oppositely rotating vortex. There remains to be shown
thot QBa on the inside is constant or disappears. B,

is the potential of the reflected singularities loceoted

on the inside. The reflection of the single vortex shifts
to infinity, its potential assumes a coastant value at
finity, hence does not contribute to the velocity inside
of the circles. The reflection of the vortex distribution
is the vortex digtribution itself,which on the inside has
no effect on the velocity. The velocity on the inside is
therefore simply caused by the single vortex., In view of
the physically cited fact of vortex distribution, there is
no velocity at the boundary on the outside. With it, how-
ever, the conditions are the same as assumed at the begin-
ning of the section.
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ITI, DISTRIBUTION OF LIFT, DRAG, AND PITCHING MOMENT
OVER THE SPAN UNDER THE EFFECT OF PROPELLER SLIPSTREAM

1. Effective Angle of Attack

Since cvery airfoil section gives a zoro lift at a
certain dircction of air flow, the angle of atftack is to
be measured at this lift-frece flow direction. 3But, since
on a wing of finite span, the shedding vortex band, creatcs
interfereace velocities perpendicular to the direction of
flow, the cffeective flow dircction does not coincide with
the dircction of flight. The slipstreanm effect also pro-
ducecs a change in air-flow velocity. If o is the angle
of attack with respcet to the flight direction and aj,
its change due to interferences, the effective angle of
attack (fige. 11) is: -

Qe = & ~ Qf (34)

In the chosen coordinate system, axis x 1s opposite
to the flight direction, axis y falls in the lateral
axis, and axis =z is at right. angles to both downward.

For the sake of clarity the tern Vs " replaces now the
vir

transverse flow componeat v+ so that the g axis

Jvirt’
lies 1in the plane of the wvirtual Jjet direction and the di-
rection X .

With vy as the axial component of the supplementary
velocity due to the effect of the propcllecr on the wing,

and vztot&l as Ehg total vertical component of the sup-

plementary veloclity due to the effect of wing and slip-
stream, we have:

v
_ %total
tan ay = ——————
Vo t Vx ,
If v,.. and v, are small relative to the flight
= total
speed vgy 1t 1s: K .
Vg 1 v : v v
s total - x _Ztotal Z2total Vx-
04 = _ &
Yo o o1 .4 Vx Vo Yo Vo
Vo

and
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’ Vg Vg ! ‘
e C e d,mwdb@i,=,r~4¥¥¥¥¥ (l = -3=> ' (85)
j : . . Vol Yo/
: . .
S,
! The problem now is to define. . and For
! ne p e 0 t . ne. vy 1 Vetotal®
vy the assumptions employed for slipstream in yaw may be
resortecd tos For the inside of the slipstream far down-
stream from the propeller, we find, according to figure
123 : ' ,
or, with
Vazus = 8 Vg s = s!' cos v
Viy T S Vo €OS V (36)
and for small yp:
Vzs = 8 Y,
At shorter distonce from the propeller, the supple-
mentary velocity is smaller. Hence we write
Vs = Vxi & Vo (37)
Quantity s follows from the coefficient of thrust
loading cg
‘ e
‘ S = u 1+ CS - 1
S Sl
) . . .C = . -
! ’ 5 o 1 D2 ) ”.
s 5 VR TE
i Outside of the slipstream in tho remote wake of the
b propeller it is, accordiang to figure 13:
st s! -
v . — sgin = — v, sin
_ Ta Qyirt p2 * 'D T a2 0 v
il R
For small angles v, Vig 0, hence negligidble. At
i

shorter distance from the propeller, however, its effect
induces further axial veclocities (refercnce 2) which must
be written:
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v = s v
Xg © Vxg o

Hence cguation (37) is extcnded in the form of

- =V s (58)

to include the total flow region; Yy 1s taken from fig-
ure 14,

Thc contributions to the vertical component vy,
A total
come from

1. The vertical component v, existing as a result
of the vaw at angle p « According to figures 12 and 13,
it is:

vUi = Vyyg Sin v = vy s v

s! s . 1
v = o e Ty, c08 PV = = — V4 sin V = = v4 8 VUV —
Ve Qvirt ° °

e 1___"‘2 rz
which, written in the form

- [, I
R.IB

,_..' Sy ‘1 — !, —_ -— :_.”_ — 3 P - 0 -
give Wy, = 1l and Yy, = o3 R =1 %being the slip
stream radius. For small values v, the distance p
fron the propeller axzis may ve used iastead of the distance
r of an outside particle of the slipstream center.

Having defined the =z component of the velocity due
to vaw, it mey be assumed in the following on account of

the assumed smallness of ay; , that the slipstrcam is
Sl

coincideuat with the x direction. Then: s = s,

2. The voertical componoent of the radial velocity due
to the slipstrcam. If R 1s the Jet radius and r the

distancc of a particle from the Jeot axis and propeller axis,

respectively, the radial velocity is (fig. 14)

V =

s

i
S Vo Vr
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its vertical component (fig. 15) is:

. . ' z R
. v = s v

Z11 ° Lz

Y o (40)

Y, is taken fron figure 14.

3. The vertical component of the circumferential ve-
locity vy due to the slipstream. The circumferential
velocity caused by a vortex located on the jet axis has

I,
the value vy = - 2 L gy I is the mean slipstream
2 mzr m
twist. Its vertical component is Vyyyp ¥ Vu 3T (fig. 16).
In accord with propeller theory, it is:
Vo AR
s Vo nr

whence the vertical component of the circumfercntial ve-
locity reads :

?'\ R ¥y y'R
v =8 Vg — — — = 8 vV, L— V¥ {41)
ZI11 ° T T o S5 Vu

whereby,

: AT .
Vy =0(r >R) and v, = — = (r < R) respectively
] o T
() = coefficient of advance, n = propeller efficiency).

. 4. The vertical component of the velocity due to the
, presence of singularities inside and outside the Jjet. It
' consists of :

: a) The indiced velocity v__.= vy (P,) of the cir-
, ZT ¥ i1, o
' culation distribution unaffected by the slip-
stream. The axos of the vortices emanating from
5. . the wing may be dealt with as falling in the -
‘ ' x direction.

b) The vertical component of an additional flow ne-.
cessary for compliance with the limiting con-
Gdition, becausc a) alone does not satisfy the
limiting conditions. For a) and b) together
the egquations
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&
[
1
b
o
+
o
+
n
3
td

arc apprlicable.

Since and @Bi are cmploycd for a), there

[¥p] = e o
5 HJ.A.i

;
|

Al - -
The correspo

nding vertical conponents of the supple-
mentary flow can be writt i

o
in the forn VZV = s vil(PO).
Through the verticnl conponents defined in 1, 2, 3,
4 b), the downwash conditions have changed in rol%tlon 1o
the flow undisturved by the slipstream. Thls change calls
for a new circulation distribution. Since the velocities
creating the new circulation distribution can be written
in the form s v,, the total circulation can be expressed
with :
Mg+ sy

This supplomentary circulation s I'y induces in turn a
dOWﬂvasb velocity. Bence, os added vertical conponent:

&

« The supplementary induced velocity

5

0
due to the supplementary circulation distribution,

sut thcn, commnliaonce with the linitin,: conditions
would necessitate the reflioction of ¢ I'j. According to
cquations (42), the now supniencntary }otaa inls would
now have the factor s, whict howov r, in accord with

the assunced smallness of s, may be Slected. The anal-
vysls can thercfore be broken off with svlogly). For, on

assuniag thot through the suppnlencatary velocitiecs and the
theredy ncecessary refleoctions, the total circulation is
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F = 1“0 + 8 P‘l +. Se 1-‘2 -+ Ss 1-'3 F+ esessece.

we find for
P (o= Le2y0000e 1)

1
1 - s

™= T, (1+ s>+.s2.+ crese) =T

i.es, a circulation greater than the total circulation [' .
r* and Ty + s I'y is then ap-

The difference between
| — - (1 + s)i

proximately
el i ul ~'ﬂ — / ‘=1_|
pk - (P, +sD,) ~T* = (T, + 8T ) = |
L
2
= T S
°©1 - s

The omission caused by the interruption of the series
2 1
S J'O'

is of the order of magnitude of
en the sum of all vertical components gives:

Th
Vigotal _ Vio(To) S"Vil(Fo) vio(Iy)
-vJ'o VO vo vo
"z R v
+ v \l/v—l-, 75 Yy t+ e \l/u}

v v

= Zo 4+ 8 Zl
Vo o

According to cquation (35) we have

Yitosal (1 - g )
, X

Qs =
i
Vo

and, when disregarding the terms of higher order:

v v v v v v
z Z N Z g Zg Zq Zq

ag = Tt 8 - sV, = + 8 -\ x

Vo Vo Vo Vo N Vg Yo

which, with the ascertained values, glives:
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Vi (PO) rvii(lo) . vio(Pl) '
ay = + s - - + + vv
o L v Yo v
R y R Vi (r)) o
+ Yy + i Yy - — Vo (43)
re r=2 v 4

2. The Supplementary Circulation

The circulation developed under the effect of the
slipstream 1is, according to the foregoing,

dere I'g  is the circulation existing without slip-
stream effect, but with the same degree of flow turbulence
as 1f the slipstrcam were present. A= s 'y is the SUp~
plementary circulation due to the effect of the slipstream.
The solution of I'c is known from airfoil theory and fol-
lows from ‘

; vy (TB) \

™ /
Yo =T Vo treq Lo - J
v
0
with
d cg/d o
tred B 2
The total circulation is:
b 2 { ' - .\ = Y -— .
I'=w to.q (vg + v)(a o) T traa Vo (1 + s Vo) (a oy )
Hence:
r Iy s I'y
) = + = (1 + six)(a - ajy)
T Vo Trag ™ Vo btrog T Vo Tpeqd

anc., o7 omission of tho torms of higher order:

™ - . {
lo a Pl H \710\10) ""Il rvll(ro) le(Pl)
4. = o - f"‘S'
T Vo tred T Vo breg L Yo » . Yo Vo
z R ¥ R vy () r
' “ 1(, + [o) f
Uy, b e gy - 0L Yy - Uy
re re Vo T Vo tred
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which lcaves, as supplementary circulation:

I, 'vio(lo) Ty . ‘vil(I"o)
T Vo broa Vo T Vo tred Vo
vio(f'l) | 4 R \u N R ’
- - U, — —— -—
Vo Vo2 7T p2 W

In this manner the determination of the'cifculation
reduces to the circulation distribution of a wing of cqual
chord distribution % and a gecometrical anglc of at-

4
tack distribution re
(_Vio(Po) . Ty \ v
., = x
1 N Vo ™ Vo btrea /
vi, (I',) z R ¥ R
el Ly - Yp — L2 Yy
Vo v re O F r2
, Vil(TO) z R :‘/'R,
= Q@ Wy = AR Y Ve - vz Yu

o}
in homogeneous flow velocity vge

Since the individuasl flow contributions are lincarly
superposable, I';, itseclf can be obtained by lincar supcr-
position of the contributions to I'; duc to individual
flow contributions. Thus the prediction of [’y and of the
individual parts reduces to the well~known problem of air-
foil theory, for the solution of which practical calculat~-
ing methods havoe becen developed but which need not be dis-
cussed herc.*

*Although the problem of slipstream effect on an airplane
wing has been successfully reduced to the well-known prob-
lem of circulation about a wing in homogeneous flow, it
still appears advisable to try this method ‘on a number of -
illustrated examples, but for which we lacked the necessary
time. During the preparations for these examples, it was
found that the substantial effects can ceven be studied on
the exanple of a wing of coustant chord and ianfinite span.
Koning himself reports some results for this case. We suc—
cceded in presenting some of these results in closed form
and subsequent studies are to be extended to include calcu-
lation of downwash and bechavior of the control surfaces.

i
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3. The Supplementary Lift Distribution
The 1ift proportion of & wing ;lement is:
& A=p D ve dy
where vo 1s the flow velocity
Ve = Vo + Vg = vo(l + s \!}X)
dith I' = T'g + s I'y, it then affords
a A = p(Ty +sI'y) vo(l + s VYg)ay
or, noglecting terms of higher ordecr:
d A= [p Ty vy + 5 p vol(l'y + ¥ Ty)] dy
Since thec 1lift without slipstream effcct is given by
a &g = p I'y Vo d&

the change in 1ift distridbution due to slipstream offect
is

Putting 4 A A = s d 4,, wc have:
d Ay = p vo(¥g Ty + r,)ay (45)

The proportionate change of 1ift is given through

4 i

—_— A A — A

e w LA S v r,
a a r =T

s .A. fo) -_— A o) o %
dy dy

4., Tho Supplementary Drag Distridbution

The drag of an clement of a wing is

a W = P I' ) Ve Ay + %Vi‘t dy pr

oy
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s

With
Gy Ve = ——atl (v 4 Vx) thotal = L
Vo + Vg
vi () vy (T | |
+ ~iat o’ 4 ‘1o 1) + v Wv + Z 3 N +'Z‘§.¢u}
VO . VO - 2 2
if affords
- vy (7)) vy, () vi () -
A& W= o(Dy + SPl)L SRR G L R IR AR vy,
Vo Vo Yo
R ¥ R I 2
+ 12 Up - uu}J v, dy + % (vo + vx) t 4y cWP

or, neglecting terms of higher order:

. Vi (P ) 7
in Ty Vg ~10170 ay + £ vy?® t ay Cwp J

P P
i - v
v

a v o= ;
[ ’ o)

- vy (7)) - vy (D) vi, ()
I‘-—-—-————1°°+Po{ll°+1° :

+ s p v v
PL * Yo Vo Vo v

z R | ¥y R 2 ., . .

+ w2 Vp + ——I—'E-I!Ju}vo e Vo e t ch :’i d.;‘,'

As the drag of the wing without slipstream effect
would be given by:

s = . < B. 2 =
a W = p Ty vlo(Po) 4y + 5 Vo t dy cwp

the supplenmentary drag amounts to

Pl Vlo(r ) ZE}(FO)

d W -4dWyg=4da4aHW LpP oVo QY-
. (o] Vo 'V'o
vig(Ty) | z R y 2
— .+ v\}JU + =5 V. o+ +p vyt b CWP dy

1 (o]
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Putting

A AW=aAW, +d AW

i p = 8 d 'w'1

where the subscripts i and p present the induced and
the profile drag, respectively, we have?

r Pl vio(ro) N Vil(ro) N Vio(Pl)

a& Wy, =pTo Yo a| T
[o] VO vo VO
, z R z R
+ VW, Ve + . \}/u]+ o voz Yy t cWp dy (46)

T T

and for the proportionate change in induced drag

a s
p oWy o Wy
dy * ay 1 _ Vo
d- T . _d;_ 'irJ- V‘i (1-‘0)
S E; th dy ig [o]

lAFl Vio(r‘o) vil(FO) Vio(Pl) 7 R ¥y R .
— + + + vy, + . Yp + Ta Y | =
0 Vo Vo -

vil<PO) + vio(rl) 7o / z R v R r
= ¥ v+ — Y, + ! > o
ViO(PO) ’ vio(-l'_'o)K v r2 r re Wu_

The proportionate change in profile drag is

d F ...d.-_.. A5
ay Aty iy o1
= = 2 \ljx
s Ly jL W

iy Po ay  Po

The change in drag accordingly consists of three con-
tributions the causes of which are:

1., The increment s Yy, vy of the flow velocity
(change of profile drag).
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2. The change s I'; of the circulation (last pro-
portions .to the change in induced drag).

3« The change _shvz in the downﬁard componcnt of
the effective flow velocity (the remaining
parts of the change in induced drag) .

5. The Distribution of the'SupplementaryaPitching Momenﬁ

Every airfoil section has one reference point F,
for which the moment coefficient cmF is constant in

at least onc certain angle of attack range. The pitch~
ing moment of a wing particle is referred to this point
F:

i =P L2 .2
a MF 5 Ve t° 4y Cny

In view of Vg = v (1 + s V) the omission of
terms of higher order leaves

B 2 .2 p 2 .2
da MF = 5 Vo t° dy cmF + s 5 vo© b dy cmF 2 Vyx
=2 5.2 %% a7 ep (1 + 2 )
= 3 Vo &y np 2 s Yy
Jithout slipstrecom effect, the pitching moment would
be . '

' P 2 .2 o
d M = - v t 1y c,
Fo 5 Vo ay np

hence the change in pitching momont‘is:
@by =5 vo® 6% ay opy 2 s Wy = 8 A My, (47)

and the proportionate change in pitching moment becomes:

d a. ..

:; A My "E; hFi

b =.L =2\11X
d d

s — M — M
ay Fo  dy Fo
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~ But, according to this,thec determination of the. total
pitching. moment is contingent upon the reference points F
being located on a straight line perpcendicular to the di~
rection of flight. Suppose this is not the casge and 7T
lies by X behind a fixed refereunce point. Then

d M=x,d A+ 4 MF

F

is referred to this new point, and with the moment of the
undisturbed wing

d@ Mg = xp & Ay + 4 MFo
the change.due'to the slipstream

dAM=1=sdM =s(xpdd; +ad M)
1

Translation by J. Vanier,
National Advisory Committee
for Aeronautics.
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Figure 1.~ The vanishing normal component of the velocity
at the jet boundary.
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Figure 3.~ Roflcction of a doublet on the circle,
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Pigure 4.~ Slope of axis of doublet towards positive axis

X , positive slope in counter-clockwise
direction.
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Figure 5.- Reflection of the outline of a wing with dihedral on the cir-
cle, and the interference contributions given by limiting con-

ditions for elliptic 1lift distribution.
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Figure 6.- The vortex distributions corresponding to the flow contribu-
tions for elliptic 1ift distribution.
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Figure 7.~ Reflection of outline of a wing of constant chord ani infin-
ite span,ani the flow contributions given by the limiting
conditions.
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Figure 8.- Tine vortex distributions corresponding to the flow contri-
butions for constant 1ift 1istribution.
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Figs. 9,10
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Figure 9.- The velocities within a yawed slipstream.
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Figure 10.- The velocities outside of a yawed slipstream.
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Figure 11.- The effective angle of attack.
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Figure 13.- The supplementary velocities inside and outside of the slip-
stream,
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Figure 14.- Lines of equal axial components Yy and of the r-times rad-~
ial component v, of the interference due to a propeller at
sunstant thrust grading,
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Figure 15.~ The vertical component of the ralial velocity.
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Figure 16.—- The vertical component of the velocities for constant
slipstream twist. '
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